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ABSTRACT

A pair matrix equation is a matrix system that contains two matrix
equations which is solved simultaneously to obtain its solution. In this
study, an algorithm for obtaining the positive fuzzy solution of positive
pair fully fuzzy matrix equation is proposed. The constructed algorithm
utilizes fuzzy Kronecker product and fuzzy Vec-operator to transform
pair fully fuzzy matrix equation into fully fuzzy linear system. Then,
an associated linear system is used to reach the final solution. Necessary
theorems, corollary and numerical example are presented to illustrate the
proposed algorithm.
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1. Introduction

In many applications, there exist situations where the crisp numbers are less
adequate to represent the uncertainty, vagueness and ambiguity of
information. In this case, fuzzy numbers plays a prominent role to model
the fuzzy environment.

The past few decades have seen a growing trend towards the matrix
equations in the fuzzy environment. There are fuzzy matrix equation (FME)
of AX,, = By, (]Guo and Gong, 2010), fully fuzzy matrix equation (FFME)
of AX,, = B, (IOtadi and Moslehl, |2012|), fuzzy Sylvester matrix equation
(FSE) of AX + XB = C (Araghi and Hosseinzadeh, 2012 |Guo, 2011 |Guo|
land Bao , (2013} |Guo and Shang, 2012, [2013| |Salkuyeh, 2010) and also fully
fuzz lvester matrix equation of AX +XB = C (Malkawi et al.| [2015 Shang|
ﬁ and AX — XB = C (Daud et al.| [2018b| |[Dookhitram et al., 2015).
This con51derable amount of literature have shown that, fuzzy set theory plays
a significant role to model the matrix equations. It is undeniable that, the
previous proposed methods demonstrated various significant contribution in
solving the matrix equation in fuzzy environment. However, there are still
many gaps that can be filled in this area.

This study aims to construct a new algorithm for solving a positive pair fully
fuzzy matrix equation (PFFME). Basically, a pair matrix equation is a matrix
system that contains two matrix equations which are solved simultaneously
to obtain its solution. These equations are important in real application for
example in control theory (Asari and Amirfakhrian||2016). Previously, a study
was carried out by |Sadeghi et al.| (2011, which proposed a significant knowledge
in solving fuzzy pair matrix equation of Ay X + XB1 Cy and A, X By = Oy,
where A1, By, As, By are known crisp matrices, Cl, Cy are known fuzzy matrices
and X is unknown fuzzy matrices.

Contrary to this study, two fully fuzzy matrix equations are solved
simultaneously, which are fully fuzzy continuous-time Sylvester matrix equation
of

AX 4+ XB=C (1)
and also fully fuzzy discrete-time Sylvester matrix equation of
AXB-X=0C. @)

Thus, a pair fully fuzzy matrix equation is given by

1=C (3)
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where A;, A, and By, B, represents p X p and ¢ X ¢ positive fuzzy
matrices respectively, C, and C, are p X q arbitrary fuzzy matrices, and Xisa
p X g positive fuzzy solution. This study utilizes fuzzy Kronecker product and
fuzzy Vec-operator in converting the equation into a fully fuzzy linear system.
In addition, the associated linear system based on (Malkawi et all 2014) is
adapted in obtaining the final solution. Overall, this study provides valuable
contribution in finding the solution of PFFME, and, at the same time advances
the understanding in theory of fuzzy sets and matrices.

The remaining part of the paper proceeds as follows. In Section 2, the
fundamental concept of fuzzy set theory and Kronecker operation are provided.
In Section 3, the algorithm for solving the PFFME is shown. Later on, a
numerical example is illustrated in Section 4 followed by the conclusion in
Section 5.

2. Preliminaries

In this section, some definitions and theorems used in this study are recalled.

Definition 2.1. (Zadeh, |1965) A fuzzy number is a function such as
u: R — [0, 1] satisfying the following properties:

1. w is normal, that is, there exist an xg € R such that u(xo) = 1;

2. w is fuzzy convex, that is u(Ax + (1 — N)y) > min{u(z),u(y)} for any
x,y € R, A €[0,1];

3. u is upper semicontinuous;

4. supp v = {x € Rlu(z) > 0} is the support of u, and its closure
cl(supp w) is compact.

Definition 2.2. A fuzzy number M = (m, a, B) is said to be a triangular fuzzy
number (TFN), if its membership function is given by:

1—’”;“, m—-—a<z<m,a>0,
ppp(r) =91 -2 m<z<m+p,5>0, (4)
0, otherwise.

In this case, m is the mean value of M, whereas a and j are right and left
spreads, respectively.
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Definition 2.3. (Dubois and Prade, |1975) The arithmetic operations of two
fuzzy numbers M = (m,«, 8) and N = (n,~,9), are as follows:

1. Addition:
M@®N = (m,a, ) ® (n,7,0) = (m+n,a+7,B+0) (5)
2. Opposite: R
- M=—(m,a,B)=(-m,B,a) (6)
3. Subtraction:
M&N=(m,a,B)6 (n,7,0) = (m—n,a+08,5+7) (7)

4. Multiplication:
N @ N = (m,a,8) ® (n,7,6) = (mn,my +na,mé +nf)  (8)

Definition 2.4. (Dehghan et al) 2006) An n x n fully fuzzy linear system
(FFLS) is defined as follows.

a11Z1 + a12ZT2 + ... + a1,Tn = b1
(21Z1 + G2 + ... + Ao2n @y = bo
Am1Z1 + oo + oo + QrnZn = bm

which can also be written in a matriz form of

a2 ... Gip 1 by
= ; (10)
dml a4m2 e amn SEn Bm
and it is usually denoted in a form of
AX = B. (11)

where x,y,z > 0 be the solution of FFLS, AX = B, which A = (A,M,N)>0
and B = (b,h,g) >0 iff

Arx =b
Ay+ Mx=h (12)
Az+ Nz =g.
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Theorem 2.1. (Malkawi et al., |2014) A system of linear equation

SX =B, (13)
is an associated linear system of the FFLS, AX = B, where
A 0 0 x b

S=|M A 0|, X=1|y|, B=|h], (14)
N 0 A z g

with A, M and N are square matrices in common size of n, whereas x,vy, z,b, h
and g are vectors of n. components.

Theorem 2.2. (Malkawi et al., |2014)) The block matriz S in Eq. 18

non-singular if and only if the matriz A is non-singular.

Theorem 2.3. (Malkawi et al., |2014) The unique solutions of AX = B and
SX = B are equivalent.

Definition 2.6. (Malkawi et al., |2015) A matriz (A);; is called as a positive
matric when all its elements are greater than zero, A; ; > 0, Vi, j.

The following definitions and theorems elaborates the Kronecker properties and
Vec-operator, (see Malkawi et al| (2015)).

Definition 2.7. Let A = (@ij)mxm and B = (Bij)nxn be fuzzy matrices. Fuzzy
Kronecker product is represented as A @i B with the operation

B @s2B ... @B

~ ~ &213 dng e dgnB

A®y B = . . (15)
am B @naB ... GmnB

Definition 2.8. Vec-operator of a fuzzy matriz is a linear transformation that
converts the fuzzy matriz of C = (¢1,éa, ..., én) into a column vector as
c1
. Co
Vec(C)=1 . |. (16)
Cn
Theorem 2.4. If A = (@ij)mxm be a fuzzy matriz, and U= (Uij)pxp 15 @
unitary fuzzy matriz defined as

(1,0,0) (0,0,0) ... (0,0,0)
U _ (07 (:)’ 0) (]'7 07 0) ' : * (07 (:)7 0) ’ (17)
(0,0,0) (0,0,0) ... (1,0,0)
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then
1. AU=UA=A
2. 0T =U.
Theorem 2.5. Let A = (@ij)mxm, B = (i?ij)an and X = (Zij)mxn, then by

using Kronecker product and Vec-operator, the equation of AX +XB = C can
be rewritten as

(U, @x A) + (BT @1, Upn)|Vee(X) = Vee(C)

where U,, and U, denotes the fuzzy identity matrices with order m and n,
respectively.

Theorem 2.6. (Daud et all |2018a) Let A= (@i5)msxcms B = (l;l])nxn and
X = (J;U)mx,“ then by using Kronecker product and V ec-operator, the equation

of AXB— X = C can be rewritten as
(BT @i A) — Upn]Vee(X) = Vee(C),

where Uy, denotes the fuzzy identity matriz with order m X n.

3. Theoretical Foundations

In this section, theoretical foundations are built which lead to the
development of the algorithm in solving the PFFME.

Theorem 3.1. The fuzzy coefficient Ay and By for the fully fuzzy matriz
equation as shown in Eq. must be square matrices.

Proof. Let ~ .
(A )nxn nXp+XnXp(Bl)pXP — ¥nXp

(AlX)nxp + (XBl)nXp = Onxp

be the fully fuzzy matrix equation as shown in Eq.(1 , where A; and B; are
fuzzy coefficients and anp is the fuzzy solution. If the fuzzy coefficents A,
and B, are non-square with order (Al)an and (31 )pxq, and the solution is
anp, then

(Al)mannXp + anp(Bl)qu
(AlX)mXp + (XBI)an~
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However, the addition of (fllX)mXp and (XBl)nxq is invalid due to the
difference in sizes. Thus, in all cases, A; and B; must be square matrices. [

Theorem 3.2. The fuzzy coefficient Ay and By for the fully fuzzy matriz
equation as shown in Eq,(@ must be square matrices.

Proof. Let } } ~ 3 ~
(A2)n><an><p(B2)p><p - Xn><p = Unxp
(A2XB2)nXp - anp = énxp

be the fully fuzzy matrix equation as shown in Eq.(2 , where Ay and B, are
fuzzy coefficients and anp is the fuzzy solution. If the fuzzy coefficents Ay
and B, are non-square with order (Ag),xn and (Bg)pxé, and the solution is
anp, then

However, the subtraction of (flgf(ég)nm and anp is invalid due to the

difference in sizes. Thus, in all cases, A and By must be square matrices. [J

(;oroll~ary 3.1. LetNAl = (&Mj)pxp; AQ = (&Qij)pxp and Bl = (Elij)qqu
By = (b2ij)gxq, and X = (Zij)pxq- A pair fully fuzzy matriz equation (PFFME)
as in Eq.@ can be expressed in the form

(Uy ©x Av) + (BY &1 Up)Xv = Cvy (18)
(Bg Rk A2> — Up )X = Cvg
where 3 5 5 ~ B 3
Cv; =Vec(Cr); Cug =Vee(Cy); Xv=Vec(X).
Proof. The proof follows from Theorem [2.5] and [2.6] O

4. Solution for Positive PFFME

Now, the algorithm for finding the solution X = (m®,a”, 8%) of PFFME is
outlined.
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Step 1: Transforming the PFFME to pair FFLS.

Considering Corollary let

(U, @1 A1)+ (B @ U,) = Ly (19)
(B;‘F @k A2) — Upq = Lo,
then an equation of pair FFLS is given by
LiXv=C
Serean (20)
Lo Xv = Cus,

Step 2: Converting the equation of pair FFLS in a form of associated linear
system.

The conversion of pair FFLS in Eq. is done separately due to
distraction of the fuzzy operators. The addition property fails on both fuzzy
coefficients L1 and Ly. Thus, considering the fuzzy numbers, Ly = (Fy, My, Ny),
Z’Q = (F27 Ma, NZ)v C71)1 = (mq’ ac, 661)7 év? = (mC27 ac, 662) and
Xv= (m®,a®, B%), the equation can be rewritten as

(F17M17N1)(m£7047;767;) = (m017a017501)
(F2, Ma, N2)(m®, a®, B7) = (m®, a2, ).

By fuzzy arithmetic multiplication, we obtain

Fm® =m©
Fia® + Mim® = a%
Fi57 4+ Nym? =
Fom®™ = m*
o™ + Mom® = a2
o8 + Nam?® = 32,

which can be rearranged as follows

Fim® =m*
Fom® = m*2
Fio® + Mim* = o
Frya® + Mom® = a2
Fyf" + Nym* = 5%
Fgﬂx =+ szaz = 652.
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Since (Fy, M7, N1), (mc, o, ) and (Fy, My, N3), (m©2, a2, ) have similar
common sizes respectively, it follows that

(F1 + Fo)m® = (m° + m*2)
(Fl + .FQ)CVZ + (Ml + Mg)m$ = (Cvcl + CVCQ) (21)
(F1 + F2)B" + (N1 + No)m® = (B + ).

By assuming that the sum of two positive coefficient matrices are positive,

we can let Fy + Fy = F,M; + My = M,Ny 4+ Ny = N,m 4+ m®? = m°,
at +a® = a and g + 3% = §°. Therefore, Eq. can be simplified into

Fm® =m*
Fa® + Mm® = a° (22)
Fp* 4+ Nm® = g°.

Step 3: Composing the system in Eq. to be an associated linear system of

F 0 0 m® m°
M F 0 o’ | =|a° (23)
N 0 F B 3¢
where,
Fy Fo F1 Fo Fy Fy Fy F>
miy +my; ... My, —|—m1q app oy ... Qg —|—o¢1q
F = . . R M = . . s
Fy Fy F Fy Fy F> I Py
My + mpi Mpg + Mpq Ap1 + Qpi Apq + Qpg
F1 Fz Fl F2
1 +6E - ﬂlq Jr51q
N = . . . ,
Fy Fy P Fy
Bpl +ﬁp1 qu +qu
C1 C2 C1 Cc2 C1 C2
myy +myy gy + oy 1+ B
Cc __ . . Cc __ . . Cc __ .
m- = : ; o = : ; B = :
C1 C2 (&) C2 C1 Cc2.
Mypg + Mypg Qpg T Qg ﬂpq + Ppg>
xT xT T
mi any B
m- = : ; o = : ; B :
xr T xT
Mpq Xpq pa
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Since PFFME can be converted to an associated linear system as in Eq.
and the solutions of the associated linear system is equivalent to the solutions
of AX =C (according to Theorem7 it follows that the solutions of Eq.
is also equivalent to the solutions of PEFFME. In order to obtain the solutions of
Eq.7 any classical linear algebra method such as inverse method, Cramers’
rule, Gaussian elimination, LU decomposition or the iterative methods can be
applied. In this paper, we implemented the inversion method.

Therefore,
m® F 0o 0\ ' /me
a“> | =M F O af (24)
JoR N 0 F B¢
which is,
mi,
Mg
m:v afl
o % — .
7 o,
BT
xr
Pq
Thus, the solution is given by
(m%lvagflvﬂﬁ) (mglcqvaglcqﬂﬁfq)
X = : :
(mzl, a;la 551) e (mZ(p O‘zqa ;q)

Remark 4.1. The fuzzy solution obtained is a unique fuzzy solution if and
only if the matrix Fy + F5 in Eq. is non-singular, which directly follows
from Theorem[2.2.
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5. Numerical Example

Example 5.1. Consider the pair fully fuzzy matriz equation,

where

o (847 (5,4,5)
FTN0.6,1) (7,2,7)
i (611 (6.1,2)
27 \(1,1,0) (4,0,1)
~ (6,6,7) (5,4,3) (7,2,3)
1=1109,3,2) (7,1,7) (5,3,1)
(8,5,3) (5,2,3) (1,1,7)
~ 6,2,3) (5,1,3) (7,1,3)
By =1{1(9,3,2) (7,1,7) (6,3,1)
(8,1,3) (9,2,3) (10,1,7)
G o= (259,316,349) (195,214,253) (193,237,286)
1= (241, 307,386) (180,230,228) (208,269,274)
~ _ ((1635,1880,2132) (1537,1711,2251) (1725,1884,2507)
2= (1713,1783,1780) (1613,1628,1979) (1787,1783,2179)
and
xr xr xT x xr xr x T T
X = (milvailaﬁlzl) (m;%a;%ﬁ:lf) (mi3aa;3a61r3)>>0 25
((m217a21aﬁ21) (Mm3q, a5, B32) (M35, a53, B33) (25)
Solution:

Step 1: The PFFME is transformed to FFLS according to its Kronecker
properties.
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(259,316,349
(241,307, 386
(195,214,253
(180,230, 228
(193,237,286
(208, 269, 274

NPl

and

(B2T Rk /12) — Uﬁ =

(29,16, 21) (36, 18, 30) (45, 24, 19) (54,27,30) (40, 13, 23) (48, 14, 34)
(42,20,21) (23,8,18) (63,30,14) (36,12,17) (56,15, 21) (32,4,20)
(25,10,20) (30,11, 28) (34, 12,42) (42,13, 56) (45, 19, 24) (54, 21, 36)
(35,12,21) (20,4,17) (49,14,49) (27,4,35) (63,23,21) (36,8,21) |’
(35,12, 22) (42,13, 32) (30,21, 11) (36,24, 18) (49, 15, 45) (60, 16, 62)
(49,14,21) (28,4,19) (42,27,7) (24,12,10) (70,17,49) (39,4, 38)

Vee(Cy) =
(1635, 1880, 2132)
(1713,1783,1780)
(1537,1711,2251)
(1613,1628,1979)
(1725, 1884, 2507)
(1787,1783,2179)

Step 2: In order to achieve an associated linear system, all matrices
obtained in previous step need to be converted to crisp form of matrices. Then,
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Fy

oo
o
—
o

OO =D

259
241
195
180
193
208

N O = O 00 W~
O W oMUt O W
WO Wk wo

316
307
214
230
237
269

STt OoO N O Gt
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0 145 20 30
5 1140 20 3
O y _ 3014530
21"~ 1031140 3
4 3010145
3 0301114

349

386

e | 253

B =1 998

286

274

On the other hand, the crisp matrices extracted from (Bg R Ay) — Us yields

g

29 36 45 54 40 48
42 23 63 36 56 32
25 30 34 42 45 54
35 20 49 27 63 36
35 42 30 36 49 60
49 28 42 34 70 39

7M2

16 18 24 27 13 14
20 8 301215 4
10 11 12 13 19 21
12 4 14 4 23 8 |’
12 13 21 24 15 16
14 4 271217 4

and Vec(Cs) yields

C2

Malaysian Journal of Mathematical Sciences

Na

1635
1713
1537
1613
1725
1787

21 30 19 30 23 34
21 18 14 17 21 20
20 28 42 56 24 36
21 17 49 35 21 21
22 32 11 18 45 62
2119 7 10 49 38

1880
1783
1711
1628 |’
1884
1783

5 =

2132
1780
2251
1979
2507
2179
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Thus, Eq. can be written as follows

396
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43 41 54 54 48 48 mi, 1894
51 36 63 45 56 40 mi, 1954
30 30 49 47 50 54 miy | | 1732
35 25 58 41 63 41 mdy |~ | 1793
42 42 35 36 58 65 mis 1918
49 35 42 29 79 47 més 1995
26 22 27 27 18 14 oy 43 41 54 54 48 48 mi, 2196
26 16 30 15 15 9 a3y 51 36 63 45 56 40 mi, 2090
14 11 17 17 21 21 l% 30 30 49 47 50 54 miy | | 1925
12 8 20 7 23 10 a3y + 35 25 58 41 63 41 m3y | | 1858
14 13 24 24 20 20 ofs 42 42 35 36 58 65 mis 2121
14 6 271523 7 a3q 49 35 42 29 79 47 mss 2052
25 25 21 30 26 34 Bt1 43 41 54 54 48 48 mi, 2481
22 32 14 19 21 23 B34 51 36 63 45 56 40 mi; 2166
23 28 56 61 27 36 By 30 30 49 47 50 54 miy | | 2504
21 20 50 49 21 24 B, 35 25 58 41 63 41 m&y |~ | 2207
25 32 12 18 59 67 B3 42 42 35 36 58 65 mi, 2793
2122 7 11 50 52 B55 49 35 42 29 79 47 mis 2453
Step 3: A crisp matrix equation is obtained from Eq. as follows
4341545448480 0 0 0 0 O[O O O O O O miy 1894
5136634556400 0 0 0 0 0|0 O O O O O m3, 1954
3030494750540 0 0 0 0 0|0 O O O O O mi, 1732
3525584163410 0 0 0 0 0|0 O O O O O mi, 1793
4242353658650 0 0 0 0 0|0 O O O OO mi, 1918
4935422979470 0 0 0 0 O[O O O O OO ms, 1995
2622272718 14|43 41545448 48/0 0 0 0 0 O oty 2196
26 16 30 1515 9|51 36 63455640/0 0 0 0 0 O a3y 2090
1411171721 21{303049475054{0 0 0 0 O O afs 1925
12 8 20 7 2310(352558416341{0 0 0 0 0 O a3y 1858
14 13 24 24 20 20{42 423536 58 65|0 0 0 0 0 O afq 2121
14 6 271523 7(493542297947(0 0 0 0 0 O fal 2052
252521302634/0 0 0 0 0 043 41 54 54 48 48 i 2481
223214192123/0 0 0 0 0 0513663455640 5 2166
232856612736/0 0 0 0 0 0303049 47 50 54 B2 2504
212050492124/0 0 0 0 0 0352558416341 I 2207
2532121859670 0 0 0 0 04242 35 36 58 65 T 2793
2122 7 115052(0 0 0 0 0 0493542297947/ \ B3, 2453
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Therefore,
4341 54544848/0 0 0 0 0 0/0 0 0 0 0 0\ " /1894
51 36 63 4556 400 0 0 0 O 0{0O O O O O O 1954
3030494750540 0 0O 0 O 0O/|O O O O O O 1732
352558 41 63 410 0 O 0 O 0|0 O O O O O 1793
4242 3536 58 65/0 0 0 0 0 0|0 O O O O O 1918
49 35422979470 0 0 0 O 0|0 O O O O O 1995
26 22 27 27 18 14|43 41 54 54 48 48/0 0 O 0 O O 2196
26 16 30 15 15 9 (51 36 63 45 56 40{0 0 O 0 O O 2090
Y- 14 11 17 17 21 21|30 30 49 47 50 54|/0 0 0 0 0 O 1925
12 8 20 7 23 10|35 2558 41634110 0 0 0 0 O 1858
14 13 24 24 20 20|42 42 3536 58 65|0 0 0 0 0 O 2121
14 6 271523 7149 3542297947/0 0 0 0 0 O 2052
252521302634{0 0 0 0 O 043 41 54 54 48 48 2481
223214192123/0 0 0 0 O 051 36 63 45 56 40 2166
23 28 56 61 27 36|0 0 O 0 O 0 (30 30 49 47 50 54 2504
21205049 21 24]0 0 0 0O O 01352558 41 63 41 2207
25321218 5967/0 0 0O 0 O 042 42 35 36 58 65 2793
2122 7 115052{0 0 0 0 O 0149 3542 29 79 47 2453
which gives

6 mi; 6

8 my, 8

7 mis 7

3 mi, 3

9 mis 9

7 M3s 7

2 ofy 2

6 a5 6

4 af 4

X = 3 or X = a%z = 3

8 afs 8

) Q53 b)

7 A1 7

9 B3 9

1 8%, 1

5 B2 5

4 Bis 4

2 B33 2
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Hence, the fuzzy solution is given by

<(m11,a11,ﬁ11) (mta, ata, BT2) (m”fg,a’f?),ﬁf?,))
(M3, 051, 831)  (Mm3a, a5, B35)  (M33, ad3, B33)
((
(8

,2,7) (7,4,1) (9,8,4)
,6,9) (3,3,5) (7,5,2))'

6. Conclusion

This study has constructed an algorithm for solving the PFFME, where
the coefficients and the solution X are positive fuzzy numbers. The pro-
posed algorithm utilizes the fuzzy Kronecker product, fuzzy Vec-operator and
also associated linear system approach in obtaining the solution, which is the
main contribution of this study. The associated linear system transforms
the fully fuzzy linear system to crisp linear system. The final solution is
obtained by applying any method of crisp linear system. As a result, the
proposed algorithm provides a new significant contribution in this particular
area. In future, our proposed algorithm can be modified to solve negative,
near-zero and mixed type of fuzzy coefficient, which is more representable for
real applications.
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